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STRONG CONTINUOUS OPERATORS AND
UNBOUDNED NORM CONTINUOUS OPERATORS ON
BANACH LATTICES
ZHANGJUN WANG1, ZILI CHEN2, AND JINXI CHEN3
Abstract. In this paper, using the unbounded norm convergence
in Banach lattices, we define and investigate a new classes of op-
erators, named strong continuous operators and unbounded norm
continuous operators. We first study the relationship with the
original operators, also we characterize order continuous, KB and
reflexive Banach lattices by these operators, we research the space
generated by these operators in final.
1. Introduction
Research on unbounded convergence has a long history in functional
analysis literature, the notion of unbounded order convergence (uo-
convergence, for short) was firstly introduced by Nakano in [13]. Several
recent papers investigated unbounded order, norm and absolute weak
convergence [5-8]. The compact operators based on unbounded con-
vergence has been investigated in [7, 10]. Recently, unbounded order
continuous operator and uaw-Dunford-Pettis operator are also studied
in [9, 10, 11]. Now, we consider the continuous operators based on
unbounded topology convergence.
In this paper, using the unbounded norm convergence in Banach
lattices, we introduce and study a new classes of operators, named
strong continuous operator and unbounded norm continuous operator.
In section 2, we introduced some preliminary knowledge. In section 3,
we study the existence of the new classes of operators and in which
conditions these operators is equivalent to continuous operator and
uaw-Dunford-Pettis operator. We also investigated the connection and
distinction to continuous operators and Dunford-Pettis operators and
found strong continuous operators forms a closed subspace. Moreover,
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we compare weakly compact operator, M-weakly compact operator and
order weakly compact operator to these operators.
In section 4, we characterized the dual space is order continuous by
these operators firstly, then we found the dual space is order continu-
ous iff every positive operator from a Banach lattice into l1 is strong
continuous operator and in which condition that these operators are
Dunford-Pettis oeprators. In final, we described order continuous and
reflexive Banach lattices by the relationship of weak Dunford-Pettis
operators and strong continuous operator.
In section 5, we investigated the order and lattice structure of the
space generated by these operators. We solved the question that when
the order bounded strong continuous and unbounded norm continuous
operators form ideals of the space of order bounded operators and lefted
two problem that in which condition these are bands in the space of
order bounded operators and whether the space generated by these
operators is topological.
For undefined terminology, notations and basic theory of Riesz spaces
and Banach lattices, we refer to [1-4].
2. Preliminaries
A net (xα) in Banach lattices E is unbounded order (resp. norm,
absolute weak) convergent to x ∈ E if (|xα−x|∧u) is order (resp. norm,
absolute weak) convergent to x for any u ∈ E+ (xα
uo(resp.un,uaw)
−−−−−−−−−→ x,
for short). For further properties about these convergences, see [5-8]
for details.
A norm on a Banach lattice E is called order continuous if ‖xα‖ → 0
for xα ↓ 0. e ∈ E+ is called an atom of the Riesz space E if the principal
ideal Ee is one-dimensional. E is called an atomic Banach lattice if it
is the band generated by its atoms. A Banach lattice E is said to be
AL-space if ‖x + y‖ = ‖x‖ + ‖y‖ holds for all x, y ∈ E+. A Banach
lattice E is said to be AM-space if ‖x+ y‖ = max{‖x‖, ‖y‖} holds for
all x, y ∈ E+. A vector e > 0 in a Riesz space E is said strong order
unit whenever the ideal generated by e is E. A Banach space is said
to have the Schur property whenever xn
w
−→ 0 implies xn → 0.
Recall that an operator T from a Banach space X to a Banach
space Y is DunfordPettis if it maps weakly null sequences of X to
norm null sequences of Y and is weak DunfordPettis if fn(T (xn))→ 0
for any w-null sequence (xn) in X and any w-null sequence (fn) in
Y . An operator T between two Riesz space is called unbounded order
continuous operator whenever xα
uo
−→ 0 implies Txα
uo
−→ 0 [9]. An
operator T from a Banach lattice E into a Banach space X is said to
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be an unbounded absolute weak Dunford-Pettis (uaw-Dunford-Pettis,
for short) if for every norm bounded sequence (xn) in E, xn
uaw
−−→ 0
implies Txn → 0 [10, 11].
Now, we introduce a new classes of operators:
Definition 2.1. An continuous operator T : E → F from Banach
lattice E to Banach space F is said to be (σ)-strong continuous ((σ)-
s-continuous, for short), if Txα → 0(Txn → 0) in F for any bounded
net (sequence) xα
un
−→ 0(xn
un
−→ 0) in E.
An continuous operator T : E → F between two Banach lattice
is said to be (σ)-unbounded norm continuous ((σ)-un-continuous, for
short), if Txα
un
−→ 0(Txn
un
−→ 0) in F for any bounded net (sequence)
xα
un
−→ 0(xn
un
−→ 0) in E.
The collection of all (σ)-strong continuous operators of L(E, F ) will
be denoted by L(σs)(E, F ). That is,
L(σs)(E, F ) = {T ∈ L(E, F ) : T is (σ)-s-continuous operator}
respectively,
L(σ)−un(E, F ) = {T ∈ L(E, F ) : T is (σ)-un-continuous operator}.
It is easy to see that Ls(E, F ) ⊂ Lσs(E, F ), Lun(E, F ) ⊂ Lσun(E, F ),
Ls(E, F ) ⊂ Lun(E, F ), Lσs(E, F ) ⊂ Lσun(E, F ).
It is clear that a (σ)-strong continuous operator form Banach lat-
tice E into Banach space F maps norm bounded relatively (sequen-
tially) un-compact subset of E to relatively compact subset of F and
a (σ)-unbounded norm continuous operator form Banach lattice E
into Banach lattice F maps norm bounded relatively (sequentially)
un-compact subset of E to norm bounded relatively (sequentially) un-
compact subset of F .
Since the un-topology is not metrizability, hence the classes operators
is different on sequences and nets, but we still don’t know what the
essential difference is.
Recall that a positive element e of Banach lattice E is said to be
quasi-interior point if the ideal Ee generated by e is norm dense in E.
un-topology on a Banach lattice E is metrizable if and only if E has
a quasi-interior point. If E has quasi-interior point, then Ls(E, F ) =
Lσs(E, F ). If E and F have quasi-interior point, then Lun(E, F ) =
Lσun(E, F ). Factly, most of the classical Banach lattices is satisfied,
e.g. lp, l∞, c0, Lp[0, 1], L∞[0, 1], C(K).
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3. The relationship with the original operators
According to |PBxα−PBx| ∧ u ≤ |xα− x| ∧ u, we have the following
result.
Lemma 3.1. Let B be a projection band and P the corresponding band
projection, then P is un-continuous.
In general, strong continuous operator does not necessarily exist.
For example, Lp[0, 1] does not have un-continuous functional. Next,
we show that there exists strong continuous operator on atomic order
continuous Banach lattices.
Recall that if a is an atom, then fa stands for the corresponding
coordinate functional.
Proposition 3.2. Let E be atomic Banach lattice with order continu-
ous norm, F be Banach lattice, if L(E, F ) 6= {0}, then Ls(E, F ) 6= {0},
moreover Lun(E, F ) 6= {0}.
Proof. For any atom a of E, let Pa = fa(xα)a is a band projection and
Pa is un-continuous, so it is s-continuous. Considering T ◦ Pe : E →
F , it is clear that is strong continuous, moreover it is un-continuous
operator. 
Obviously, strong continuous operator is continuous operator, but
the converse does not hold in general. For example, the identical oper-
ator is continuous operator, but it is not strong continuous operator on
lp(1 ≤ p < ∞). Let (en) denote the stand basis of lp(1 ≤ p < ∞), we
have en
un
−→ 0, but ‖Ien‖ = 1. Through observation, we can find that
the identical operator I : l∞ → l∞ is s-continuous. By [7, Theorem 2.3],
we have the following result.
Proposition 3.3. Let E, F be Banach lattices, if E has strong order
unit, then Ls(E, F ) = Lσs(E, F ) = L(E, F ).
Considering the identical operator on lp(1 ≤ p <∞), strong contin-
uous operator is un-continuous operator, but the converse is does not
hold in general.
Corollary 3.4. Let E, F be Banach lattices, if F has strong order unit,
then Lun(E, F ) = Ls(E, F )
It’s not hard to see that the equivalent characterization of strong
order unit.
Corollary 3.5. Let E be Banach lattice, then E has strong order unit
iff Lun(E) = Ls(E) = Lσun(E) = Lσs(E)
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When continuous operator is un-continuous?
Proposition 3.6. Let E,F be Banach lattices, if T : E → F is an
onto lattice homomorphism, then T ∈ Lun(E, F ).
Proof. Assume xα
un
−→ 0. Since T is onto homomorphism, then for each
u ∈ E+, we have v ∈ F+ such that Tu = v. Thus,
T (|xα| ∧ u) = |Txα| ∧ v → 0
for all u ∈ E+. Hence, T is un-continuous. 
It is clear that uaw-Dunford-Pettis operator is σ-strong continuous,
the converse we can consider the identical operator I : l∞ → l∞, it is
σ-strong continuous, but it is not uaw-Dunford-Pettis. If the domain
space is order continuous, then σ-s-continuous operator is equivalent
to uaw-Dunford-Pettis operator.
Dunford-Pettis operator is not directly related to σ-strong continu-
ous operator considering identical operators I : l∞ → l∞ and I : l1 →
l1.
By [4, Proposition 2.5.23], uaw-Dunford-Pettis operator on atomic
Banach lattice with order continuous norm is Dunford-Pettis, this con-
dition applies to σ-strong continuous operators.
Proposition 3.7. Let E be atomic Banach lattice with order contin-
uous norm, F be Banach lattice, if T : E → F is σ-strong continuous
operators, then T is Dunford-Pettis.
Proof. For xn
w
−→ 0, by [7, Proposition 4.16], xn
un
−→ 0, so Txn → 0,
hence T is Dunford-Pettis. 
By [10, Proposition 1], Dunford-Pettis operator on Banach lattice
which dual is order continuous is uaw-Dunford-Pettis, moreover it is
σ-strong continuous operators.
The next example introduce s-continuous and un-continuous opera-
tor doesn’t have to be Dunford-Pettis.
Consider the operator T : C[0, 1]→ c0 given by
T (f) =
(∫ 1
0
f(t) sin tdt,
∫ 1
0
f(t) sin 2tdt, . . .
)
for every f ∈ C[0, 1]. T is s-continuous operator and un-continuous
operator, but it is not Dunford-Pettis operator.
It is not difficult to verify the following conclusions.
Proposition 3.8. Let S : E → F and T : F → G be two operators
between Banach lattices.
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(1) If S is Dunford-Pettis operator and T is σ-strong continuous
operator, then T ◦ S is Dunford-Pettis operator.
(2) If T is Dunford-Pettis operator and S is σ-strong continuous
operator, then T ◦ S is σ-strong continuous operator.
In fact, the collection of s-continuous operators is a closed subspace
of the space of continuous operators.
Proposition 3.9. Let E be an atomic KB-space and F be a Banach
space, then Ls(E, F ) and Lσs(E, F ) are a closed subspaces of L(E, F ).
Proof. Obviously, it is linear subspace. Choose some T ∈ Ls(E, F )
satisfying ‖S − T‖ < ǫ, S ∈ L(E, F ). For any un-compact subset A of
E, observe that S(A) ⊂ S(BE) ⊂ T (BE)+ǫ·BF , BE and BF denote the
closed unit balls of E and F . By [7, Theorem 7.5] and [3, Theorem 3.1],
S(A) is a relatively compact subset of F , therefore Ls(E, F ) is a closed
subspace of L(E, F ). Lσs(E, F ) is similar. 
Recall that an operator T : E → F is M-weakly compact if for every
bounded disjoint sequence (xn), it is satisfied Txn → 0.
Proposition 3.10. Let E, F be Banach lattices, then every positive
M-weakly compact operator from E into F is σ-s-continuous operator,
moreover it is σ-un-continuous operator.
Proof. For positive bounded un-null sequence (xn) in E and any ǫ > 0,
by [3, Theorem 5.60], there is a u ∈ E+ with ‖T (xn)− T (xn ∧ u)‖ <
ε
2
.
Since xn
un
−→ 0, so ‖T (xn ∧ u)‖ → 0, hence Txn → 0, therefore T is
σ-s-continuous and σ-un-continuous operator. 
M-weakly compact operator is weakly compact operator, but weakly
compact operator doesn’t have to be σ-s-continuous operator. Consid-
ering identical operator I : l2 → l2, it is weakly compact operator, but
it is not σ-s-continuous operator.
Recall that a operator T : E → F Banach lattice E to Banach space
F is called order weakly compact whenever T [−x, x] is relatively weakly
compact subset of F for every x ∈ E+. It is clear that σ-s-continuous
operator is order weakly compact, and order bounded σ-un-continuous
operator also is, but the converse is not true in general, considering the
example of identical operator I : c0 → c0 and the summation operator
T : l1 → l∞, T (xn) =
∑∞
i=1 xi, (xn) ∈ l1.
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4. Characterization of Banach lattice by these
operators and classic operators
In the section 2, it is clear that uaw-Dunford-Pettis operator is σ-s-
continuous, moreover it is σ-un-continuous. Similar to [11], we describe
Banach lattice by the ”weaker” operator.
The following theorem gives a characterization of Banach lattices E
and F under which each positive DunfordPettis operator T : E → F
is σ-s-continuous operator.
Theorem 4.1. Let E and F be Banach lattices and E has order con-
tinuous norm. Then the following assertions are equivalent:
(1) Each positive DunfordPettis operator T : E → F is σ-s-continuous
operator.
(2) Each positive compact operator T : E → F is σ-s-continuous
operator.
(3) One of the following conditions is valid:
(i) E
′
is order continuous.
(ii) F = {0}.
Proof. (1)⇒ (2) Obvious.
(2) ⇒ (3) Assume that E
′
is not order continuous and F 6= {0}.
We show that there exsits a compact operator which is not unbounded
DunfordPettis.
Since E is not order continuous, by Theorem 2.4.14 and Proposition
2.3.11 of [4], l1 is a closed sublattice of E and there exists a positive
projection P : E → l1. On the other hand, since F 6= {0}, there exists
a vector 0 < y ∈ F+. Define the operator S : l1 → F as follows:
S (λn) =
(
∞∑
n=1
λn
)
y
for each (λn) ∈ l1. Obviously, the operator S is well defined. Let
T = S ◦ P : E → ℓ1 → F
then T is a compact operator since S is a finite rank operator ( rank is 1).
Let (en) be the canonical basis of ℓ1. By [7, Proposition 3.5], since E
is order continuous, en
un
−→ 0 in E, but T (en) = y. Hence, T is not an
σ-s-continuous operator..
(3)(i)⇒ (1) For bounded un-null sequence (xn), by [8, Theorem 7],
xn
w
−→ 0, so Txn → 0, hence T is σ-s-continuous operator.
(3)(ii)⇒ (1) Obvious. 
By the same way, we have the following result.
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Corollary 4.2. Let E and F be Banach lattices and E has order con-
tinuous norm. Then the following assertions are equivalent:
(1) Each positive DunfordPettis operator T : E → F is σ-un-continuous
operator.
(2) Each positive compact operator T : E → F is σ-un-continuous
operator.
(3) One of the following conditions is valid:
(i) E
′
is order continuous.
(ii) F = {0}.
The following theorem gives a characterization of Banach lattice E
for which each positive operator T : E → l1 is σ-s-continuous operator.
Theorem 4.3. Let E be a Banach lattice with order continuous norm,
then the following assertions are equivalent:
(1) Each positive operator from E into ℓ1 is σ-s-continuous operator.
(2) E ′ is order continuous.
Proof. (1)⇒ (2) Assume that E is not order continuous, by [2, Theo-
rem 116.1], there exists a bounded disjoint sequence (un) in E+ which
is not w-null with ‖un‖ ≤ 1, and there exist ε0 > 0 and 0 ≤ φ ∈ E
′ such
that φ (un) > ε0. According to [2, Theorem 116.3], the components φn
of φ in the carriers Cun form an order bounded disjoint sequence in
(E ′)+ such that
φn (un) = φ (un) and φn (um) = 0 if n 6= m
. Define the positive operator T : E → l1 as follows:
T (x) =
(
φn(x)
φ (un)
)∞
n=1
Since
∞∑
n=1
∣∣∣∣ φn(x)φ (un)
∣∣∣∣ ≤ 1ε0
∞∑
n=1
φn(|x|) ≤
1
ε0
φ(|x|)
, so the operator T is well defined and positive. Since E has order
continuous norm, for bounded disjoint sequence (un), we have un
un
−→ 0
by [7, Proposition 3.5], by assumption, T is σ-s-continuous operator,
Tun → 0, but Tun = en ((en) is standard basis of l1), which is a
contradiction, therefore E ′ is order continuous.
(2) ⇒ (1) For every positive operator T and bounded un-null se-
quence (xn), it is clear that xn
w
−→ 0 by [8, Theorem 7], so Txn → 0
because of l1 has Schur property. 
Based on [3, Theorem 5.29], we get the following conclusion.
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Corollary 4.4. Let E be a Banach lattice with order continuous norm,
then the following assertions are equivalent:
(1) E ′ is order continuous.
(2) Each positive operator from E into ℓ1 is σ-s-continuous operator.
(3) Each positive operator from E into l1 is compact.
The following result gives a characterization of Banach lattices E and
F for which each σ-s-continuous operator T : E → F is DunfordPettis.
Theorem 4.5. Let E and F be Banach lattices, E is order continu-
ous, then each σ-s-continuous operator T : E → F is DunfordPettis
operator if one of the following assertions is valid:
(1) E is atomic.
(2) T is positive and F is atomic with an order continuous norm.
Proof. (1) For any w-null sequence (xn), since E atomic order continu-
ous Banach lattice, by [7, Proposition 4.16], xn
un
−→ 0, hence Txn → 0,
therefore T is Dunford-Pettis operator.
(2) Let T : E → F be a positive σ-s-continuous operator and W
be a relatively weakly compact set in E, we have to show T (W ) is a
relatively compact set in F . Let A be the solid hull of W in E, for
every disjoint sequence (xn) in A, so xn
un
−→ 0 because of E is order
continuous, hence Txn → 0. According to [3, Theorem 4.36], for any
ǫ > 0, there exists some u ∈ E+ lying in the ideal generated by A such
that ‖T (|x| − u)+‖ < ǫ holds for all x ∈ A. So we have
T |x| ∈ [−Tu, Tu] + ǫ · BF
with BF denotes the unit ball of F . By |Tx| ≤ T |x|,
Tx ∈ [−Tu, Tu] + ǫ · BF
, hence
T (W ) ⊂ [−Tu, Tu] + ǫ · BF
, since F is atomic order continuous Banach lattice, so [−Tu, Tu] is
compact, hence T (W ) is relatively compact subset of E by [3, Theo-
rem 3.1], therefore T is Dunford-Pettis operators. 
Recall that a Banach space X is said to have the DunfordPettis prop-
erty whenever xn
w
−→ 0 in E and x′n
w
−→ 0 in E ′ implies x′n(xn) → 0.
AL-space and AM-space have the DunfordPettis property ([3, Theo-
rem 5.85]). Obviously, if X has the DunfordPettis property, then every
continuous operator from X to a Banach space Y is weak DunfordPet-
tis. A bounded subset A of Banach space X is called Dunford-Pettis
set (DP set, for short) whenever (x′n) converges uniformly to zero on
the set A for every w-null sequence (x′n) in X
′. An operator T is weak
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Dunford-Pettis operator between two Banach space if and only if it
maps relatively weakly compact subset to a Dunford-Pettis set.
Since each DunfordPettis operator is weak DunfordPettis, the iden-
tity operator I : l1 → l1 is also the example which is weak Dunford-
Pettis operator, but it is not σ-s-continuous operator. Next, we give
a characterization of reflexive Banach lattice for which each positive
weak DunfordPettis operator from E into E is σ-s-continuous.
Theorem 4.6. Let E be a Banach lattice with order continuous norm,
then the following are equivalent:
(1) E is reflexive.
(2) Each positive weak DunfordPettis operator from E into E is σ-
s-continuous operator.
Proof. (1)⇒ (2) By [11, Theorem 4] and uaw-Dunford-Pettis operator
is σ-s-continuous operator.
(2)⇒ (1) At first, we prove E is KB-space. If not, according to [4,
Corollary 2.4.3] and [4, Theorem 2.4.12], E contains a sublattice which
is isomorphic to c0 and there exists a positive projection P1 : E → c0,
let S : c0 → E be the canonical injection and T = S◦P1 : E → c0 → E.
Since c0 has the DunfordPettis property, so T is weak DunfordPettis
operator. Hence, T is σ-s-continuous, but considering (en), which is
the standard basis of c0, it is a contradiction.
At last, we have to show that E ′ is KB-space. Suppose that E ′ is
KB-space, by Proposition 2.3.11 and Theorem 2.4.14 of [4], E con-
tains a sublattice which is isomorphic to l1 and there exists a positive
projection P2 : E → l1, let S : l1 → E be the canonical injection and
T = S ◦P2 : E → l1 → E. According to l1 has the DunfordPettis prop-
erty and (en) (the standard basis of l1), it is a contradiction. Therefore
E is reflexive. 
Corollary 4.7. Let E and F be Banach lattices, if E ′ is order contin-
uous and F is reflexive, then each weak DunfordPettis operator from
E into F is σ-s-continuous operator, moreover it is σ-un-continuous
operator.
Corollary 4.8. Let E be a reflexive Banach lattice, then each posi-
tive weak DunfordPettis operator from E into E is σ-un-continuous
operator.
Theorem 4.9. Let E and F be Banach lattices. If each weak Dunford-
Pettis operator is σ-s-continuous operator, then one of the following
assertion is valid:
(1) E ′ is order continuous.
(2) F is order continuous.
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Proof. We show that if E ′ is not order continuous, then F is order
continuous. Suppose that E ′ is not order continuous, by Proposition
2.3.11 and Theorem 2.4.14 of [4], l1 is a closed sublattice of E and there
exsits a positive projection P : E → l1. Let (yn) be order bounded
disjoint sequence in F , define the operator
S : l1 → F as : S(λn) =
∞∑
i=1
λnyn
for each (λn) of l1, it is well defined, and let T : S ◦ P : E → l1 → F .
Since l1 has the Dunford-Pettis property, so T is weak Dunford-Pettis
operator, hence T is σ-s-continuous operator. Considering the standard
basis (en) of l1, en
un
−→ 0 in l1, so Ten = yn → 0, hence F is order
continuous by [3, Theorem 4.14]. 
Next, we give a characterization of Banach lattices for which each
positive σ-s-continuous operator from E into F is weak DunfordPettis
operator. Recall that an operator T : E → F from a Banach lattice
into a Banach space is called AM-compact if it maps order interval in
E to a relatively compact subset in F and a Banach lattice E is said to
have AM-compactness property if every weakly compact operator from
E to an arbitrary Banach space is AM-compact. The Banach lattices
c0, l1, c, c
′ have AM-compactness property.
Corollary 4.10. Let E and F be Banach lattices, E is order contin-
uous, then each σ-s-continuous operator T : E → F is weak Dunford-
Pettis operator if one of the following assertions is valid:
(1) E is atomic.
(2) T is positive and F is atomic with an order continuous norm.
(3) F has AM-compact property.
Proof. (1) and (2) By Theorem 4.5 and every Dunford-Pettis operator
is weak Dunfor-Pettis.
(3) It is similar to the proof of Theorem 2.17, considering
T (W ) ⊂ [−Tu, Tu] + ǫ · BF
, so T (W ) is Dunford-Pettis set by [12, Proposition 3.1 and Lemma 4.1],
hence T is weak Dunford-Pettis operator. 
5. Order and lattice structure of the space generated
by these operators
Finally, we study the space generated by s(un)-continuous operators.
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Question 5.1. (1) Whether the s(un)-continuous operators has dom-
inated property.
(2) When the s(un)-continuous operators has modulus and the mod-
ulus is s(un)-continuous.
(3) In which condition, the space of s(un)-continuous operators is
order closed.
According to [7, Proposition 5.3], the set of all un-continuous func-
tionals in E
′
is an ideal, but it is not a band in general. Considering un-
continuous functional sequence fn : l1 → R, that is, fn(xn) =
∑n
i=1 xi
for every (xn) ∈ E, and f(xn) =
∑∞
i=1 xi, it is clear that fn ↑ f and f
is not s-continuous.
Proposition 5.2. For two Banach lattice E and F and two positive
operators T and S satisfying 0 ≤ S ≤ T : E → F , if T is s-continuous,
then S is s-continuous (It’s also true on σ-s-continuous).
Proof. Since xα
un
−→ 0 iff |xα|
un
−→ 0 and T is s-continuous operator, so
T |xα| → 0. Using |Sxα| ∧ u ≤ S|xα| ∧ u ≤ T |xα| ∧ u for all u ∈ F+,
hence Sxα → 0, therefore S is s-continuous operator. 
Similarily, we have the following corollary.
Corollary 5.3. For two Banach lattice E and F and two positive op-
erators T and S satisfying 0 ≤ S ≤ T : E → F , if T is un-continuous,
then S is un-continuous (It’s also true on σ-un-continuous).
Theorem 5.4. Let E be order continuous Banach lattice, F be Dedekind
complete Banach lattice, for order bounded operator T : E → F , the
following are equivalent (It’s also true on σ-s-continuous):
(1) T is s-continuous operator.
(2) T+ and T− are s-continuous operator.
(3) |T | is s-continuous operators.
Proof. (1) ⇒ (2) Considering CT = {x ∈ E : |T |(|x|) = 0}
d, CT con-
tains no a disjoint sequence. In fact, for a disjoint sequence (xn) ⊂ CT ,
the |T |(|xn|) = supT [−|xn|, |xn|] exists because of T is order bounded
and F is Dedekind complete. We can find that a disjoint sequence (yn)
satisfying yn ∈ [−|xn|, |xn|]. Since yn is disjoint, by [7, Proposition 3.5],
yn
‖Tyn‖
un
−→ 0, so T ( yn
‖Tyn‖
) → 0, it is contradiction , so CT contains fi-
nite disjoint atoms at most which denoted by {a1, ..., am}, moreover
CT = span{a1, ..., am}, the NT = {x ∈ E : |T |(|x|) = 0} also is a band,
those are projection band because of E is Dedekind complete.
For any bounded 0 ≤ xα
un
−→ 0, Txα → 0, and
T+xα = sup{Ty : 0 ≤ y ≤ xα, y ∈ CT}
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≤ l max
1≤i≤m
fai(xα)
m∨
|Tai|
, since coordinate functional is s-continuous, so T+xα → 0, hence T
+
is s-continuous, respectively, T− also is.
(2)⇒ (3) is obvious.
(3)⇒ (1) Using T = T+−T−, since 0 ≤ T+ ≤ |T | and 0 ≤ T− ≤ |T |,
so T+ and T− are s-continuous by Proposition 2.21, hence T is s-
continuous. 
Corollary 5.5. Let E be order continuous Banach lattice, F be Dedekind
complete Banach lattice, for order bounded operator T : E → F , the
following are equivalent (It’s also true on σ-un-continuous):
(1) T is un-continuous operator.
(2) T+ and T− are un-continuous operators.
(3) |T | is un-continuous operator.
Let Lb(σ)s(E, F ) denotes the collection of order bounded (σ)-strong
continuous operators between two Banach lattices, Lb(σ)un(E, F ) respec-
tively.
Corollary 5.6. Let E be order continuous Banach lattice, F be Dedekind
complete Banach lattice, then Lbs(E, F ) and L
b
σs(E, F ) are ideals of
Lb(E, F ).
Corollary 5.7. Let E be order continuous Banach lattice, F be Dedekind
complete Banach lattice, then Lbun(E, F ) and L
b
(σ)un(E, F ) are ideals of
Lb(E, F ).
Problem 5.8. (1) In which condition, Lbs(E, F ) and L
b
un(E, F ) are
bands in Lb(E, F ).
(2) What is the topology of the spaces of these operators?
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